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Abstract :
The general phenomenological model describing a liquid containing self-swimming microorganisms with the dis-
placed center of gravity is presented. The model has been built upon a surprising analogy with the theory of
lyotropic liquid crystals. Using this analogy, we predict theoretically new general features of the microorganism
behaviour in the fluid.
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1 Introduction
Self-swimming of microorganisms with the displaced gravity center is usually described by the
theory of Pedley-Kessler: Pedley et al. (1990); Kessler (1985, 1986); Pedley et al. (1992).
They assume that all microorganisms swim with the same constant velocity V , but the direction
of swimming for each individual is given by a random unit vector p. Evolution of this vector is
governed by the equation:
p ∧ (γ1N + γ2D · p− h) = 0, N ≡ p˙− 1/2 rotv ∧ p. (1)
Here the point means the material derivative, v is the fluid velocity, D is the rate of strain tensor,
h is the force acting on a microorganism (in the particular case of gyrotaxis h = hgiro = −γg
and the specific torque is γp ∧ g, where g is the gravity, γ is the displacement of the grav-
ity centre), N is the Jaumann co-rotational derivative, γ1, γ2 are the coefficients of rotational
viscosity.
At the same time, there exists a different (phenomenological) method to model the self-
swimming of microorganisms. The main step of this method is to postulate the existence of
the macroscopic continuum vector field n(x, t) (director). The equations describing the evolu-
tion of this vector field follows from the conservation of the angular momentum and formally
coincide with (1) where we have to replace the microscopic vector p by the vector field n.
This approach based on the ideas by Oseen and Frank initiated the development of the phe-
nomenological theory of liquid crystals (LC) by Ericksen-Leslie-Parodi: Leslie (1966, 1968);
Chandrasekhar (1992); de Gennes et al. (1993); Stewart (2004).
We should emphasize that eqn. (1) is almost identical to the equation used in the theory
of liquid crystals for the rod-shaped molecules (in the case of liquid crystals h represents the
molecular field). Analogy between the cases of liquid crystals and self-swimming microorgan-
isms should be naturally expected since from the viewpoint of continuum medium theory both
liquid crystals and fluid with oriented microorganisms represent anisotropic continuum media.
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The existence of this analogy gives us strong hope that we will find new interesting effects
for the self-swimming microorganism, which are similar to known effects in liquid crystals.
We should note that first publications in this directions has already appeared Kemkemer et al.
(1998); Gruler et al. (1999); Simha et al. (2002); Hatwalne et al. (2004), so the idea does
attract attention of independent groups of researchers.
2 Influence of vibrations.
For example, it easy to consider the inertial effects which can be important for high frequency
vibrations. In order to do it, we rewrite equation (1) in the form
ρIω˙ + ρn ∧ (γ1N + γ2D · n− h− hgiro) =M , ω = n ∧ n˙, hgiro = −γg, (2)
M = χa(n ∧H)(n ·H), h = K∆n.
where I is the specific moment of inertia, ω is the angular velocity of director rotation, h is the
molecular field, ρ is the density,M is the magnetic torque, χa is the magnetic anisotropy,H is
the magnetic field,K is the elastic constant (for simplicity we use one-constant approximation).
High-frequency vibrations of the container (or a fluid layer) leads to the appearance of an
averaged (vibrogenic) force: Zenkovskaya et al. (1966); Zenkovskaya (1968, 1998); Yudovich
(1997, 1998, 2004); Vladimirov (2005). If the container is subject to the vibrating acceleration
(g → g + bΩ2m cosΩt; where b, Ω, m are the amplitude, frequency and the direction of
vibrations) then, apart from the torque γn ∧ g, when b = O(1/Ω) the supplementary specific
vibrogenic torque appearsMvibro (n is the value averaged over the ‘fast’ time τ = Ωt)
Mvibro = δ(n ∧m)(n ·m), |m| = 1, δ ≡ γ2b2Ω2/2I.
Assuming n = n + Ω−1n˜, v = v + v˜ (v˜, n˜ are the vibrational terms that represent 2pi-
periodic functions of τ having zero averaged values) we get the equation for the slow motion of
director
IDtω + n ∧
(
γ1N + γ2D · n− h+ sg
)
=M +Mvibro,
ω = n ∧ Dtn, M = χa(n ∧H)(n ·H), Dt = ∂t + v · ∇. (3)
For some parameters of the vibration this torque can significantly change the orientation of
microorganisms. One can show that the action of vibrations on the microorganisms is similar to
that of magnetic field of intensitym and magnetic anisotropy δ in the LC. Taking this analogy
into account we predict the appearance of orientational structures similar to the famous Fréed-
ericksz’s transition in the LC (see, Chandrasekhar (1992); de Gennes et al. (1993); Stewart
(2004)). The critical frequency for such transition is defined by the expression
Ωc =
pi
dγb
√
2KI
ρ
,
where d is the thickness of the vibrating layer.
3 Conclusions
Note that the value of vibrogenic torque is not negligible and should be included into consider-
ation. In order to demonstrate the magnitudes of the involved parameters let us take:
(i) a = 20 · 10−6m; length rod-like microorganism cell;
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(ii) γ = γ0a, γ0 ≈ 10−3; it is a very small relative shift of the centre of gravity; if we
increase it, the effect will be evidently stronger;
(iii) I = I0a2, I0 ≈ 1/12; we take almost a homogeneous rod-like microorganism, the error
is negligible until γ0 is small;
(iv) K ≈ 2.5 · 10−14N; we choose the orientational elastic constant of a nematic liquid
crystal formed by living cells (see Kemkemer et al. (1998));
(v) d ≈ 10−2m;
(vi) ρ ≈ 103 kg/m3.
With these data we obtain for the critical velocity of vibrations vvibro = bΩc ≈ 64·10−5m/s.
If the frequency is f = 10Hz (Ω = 2pif ), then the amplitude is b ≈ 10−5m, the energy of
vibrations is Evibr = 1
2
ρb2Ω2c ≈ 2 ·10−4 J, and the acceleration of vibrations is bΩ2c ≈ 0.04m/s2.
These estimations show that the vibrational Fréedericksz’s transition can take place for the
values of physical parameters that naturally appear in the laboratory experiments.
It is worth to notice that studying of various effects of vibrations on microorganisms repre-
sents a very promising direction for both theoretical and experimental investigations. Vibrations
may allow to control various properties of the fluid with microorganisms. In particular it may
be possible to separate different kinds of the microorganisms by applying the proper vibration
fields.
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